Abstract. Downarowicz and Maass (2008) have shown that every Cantor minimal homeomorphism with finite topological rank K ą 1 is expansive. Bezuglyi, Kwiatkowski, and Medynets (2009) extended the result to non-minimal aperiodic cases. In this paper, we show that all finite-rank zero-dimensional systems are expansive or have infinite odometer systems; this is an extension of the two aforementioned results. Nevertheless, the methods follow similar approaches.
Introduction
Herman, Putnam, and Skau [HPS] have shown that a zero-dimensional system is essentially minimal if and only if it is represented as the BratteliVershik system of an essentially simple ordered Bratteli diagram (see Definition 2.5). In [AK, Proposition 2.2], Akin and Kolyada completely characterized proximal topological dynamical systems. According to them, a topological dynamical system pX, f q is proximal if and only if it is essentially minimal and the unique minimal set is a fixed point. Thus, zero-dimensional proximal systems have Bratteli-Vershik representations. In [D, M] , Danilenko and Matui studied not only Cantor minimal systems but also locally compact Cantor minimal systems. Locally compact Cantor minimal systems become proximal by one-point compactification. Thus, it is necessary to study the quality of essentially minimal systems whose minimal sets are fixed points. In this paper, a zero-dimensional system implies a pair pX, f q of a compact zero-dimensional metrizable space X and a homeomorphism f : X Ñ X. Odometer systems are always infinite. In this paper, we show that every finite-rank homeomorphic Bratteli-Vershik system without odometer systems is symbolic. This is an elaborate task. For zero-dimensional minimal systems, Downarowicz and Maass [DM] presented a remarkable theorem that states that every zero-dimensional minimal system of finite topological rank K ą 1 is expansive. They used properly ordered Bratteli diagrams and adopted a noteworthy technique. In [BKM] , Bezuglyi, Kwiatkowski, and Medynets extended the aforementioned result to non-minimal cases that do not have periodic orbits. Further, we showed that every zero-dimensional system has non-trivial Bratteli-Vershik representations (see Theorem 2.7 or [S] ). In this paper, we show that the symbolicity still holds for all finiterank homeomorphic Bratteli-Vershik systems without odometers, in which periodic orbits may be allowed. Our main result is as follows: if a zerodimensional system has finite topological rank and no odometers, then it is expansive (see Theorem 4.4). The design of the proof presented in this paper essentially follows [DM] and the observation by Bezuglyi, Kwiatkowski, and Medynets [BKM] .
Preliminaries
Let Z denote the set of all integers, and let N denote the set of all nonnegative integers.
Definition 2.1. A Bratteli diagram is an infinite directed graph pV, Eq, where V is the vertex set and E is the edge set. These sets are partitioned into non-empty disjoint finite sets
where V 0 " t v 0 u is a one-point set. Each E n is a set of edges from V n´1 to V n . Therefore, there exist two maps r, s : E Ñ V such that r : E n Ñ V n and s : E n Ñ V n´1 for all n ľ 1, i.e., the range map and the source map, respectively. Moreover, s´1pvq ‰ H for all v P V and r´1pvq ‰ H for all v P V zV 0 . We say that u P V n´1 is connected to v P V n if there exists an edge e P E n such that speq " u and rpeq " v. The rank K of a Bratteli diagram is defined as K :" lim inf nÑ8 #V n , where #V n is the number of elements in V n .
Let pV, Eq be a Bratteli diagram and m ă n be non-negative integers. We define E m,n :" t p | p is a path from a u P V m to a v P V n u.
For a path p " pe m`1 , e m`2 , . . . , e n q P E m,n , we define the source map sppq :" spe m`1 q and the range map rppq :" rpe n q. Then, we can construct a new Bratteli diagram pV 1 , E 1 q as follows:
This procedure is called telescoping. For a path p " pe m`1 , e m`2 , . . . , e n q P E m,n and m ĺ a ă b ĺ n, we denote p| ra,bs :" pe a`1 , e a`2 , . . . , e b q. For n ľ 0, we denote E n,8 as the set of all infinite paths from V n . For a path p P E n,8 and n ĺ a ă b ă 8, we define p| ra,bs as before, and we also define p| ra,8q . Let 0 ĺ m ă n ĺ 8 and m ĺ a ĺ n. For v P V a , we denote E m,n pvq :" t p P E m,n | p passes v u. Let p P E m,n . We define a closed and open set Cppq :" t x P E 0,8 | x| rm,ns " p u, and call it a cylinder.
Y¨¨¨are the partitions, where V 0 " t v 0 u is a onepoint set. Let r, s : E Ñ V be the range map and source map, respectively. We say that pV, E, ĺq is an ordered Bratteli diagram if the partial order ĺ is defined on E such that e, e 1 P E are comparable if and only if rpeq " rpe 1 q.
In other words, we have a linear order on each set r´1pvq with v P V zV 0 . The edges r´1pvq are numbered from 1 to #pr´1pvqq. Because r´1pvq is linearly ordered, we denote the maximal edge epv, maxq P r´1pvq and the minimal edge epv, minq P r´1pvq.
Let n ą 0 and e " pe n , e n`1 , e n`2 , . . . q, e 1 " pe 1 n , e 1 n`1 , e 1 n`2 , . . . q be cofinal paths from the vertices of V n´1 , which might be different. We obtain the lexicographic order e ă e 1 as follows:
Definition 2.3. Let pV, E, ĺq be an ordered Bratteli diagram. Let E max and E min denote the sets of maximal and minimal edges, respectively. An infinite (resp. finite) path is maximal (resp. minimal) if all the edges constituting the path are elements of E max (resp. E min ).
Definition 2.4. For 0 ĺ m ă n ă 8, we denote E m,n,max :" t p | p P E m,n and if p " pe m`1 , e m`2 , . . . , e n q, then e i P E max for all i pm`1 ĺ i ĺ nq u. We also denote E m,n,min similarly. In the same manner, we denote E m,8,max and E m,8,min . Definition 2.5. As in [HPS] , an ordered Bratteli diagram pV, Eq is called essentially simple if the following exist: a unique infinite path p max " pe max,1 , e max,2 , . . . q with e max,i P E max X E i for all i ľ 1, and a unique infinite path p min " pe min,1 , e min,2 , . . . q with e min,i P E min X E i for all i ľ 1. Definition 2.6 (Vershik map). Let pV, E, ĺq be an ordered Bratteli diagram. Let E 0,8 be endowed with the subspace topology of the product space ś 8 i"1 E i , with the discrete topology on each E i p1 ĺ i ă 8q. Suppose that there exists a bijective map φ : E 0,8,max Ñ E 0,8,min . Then, we can define a map φ : E 0,8 Ñ E 0,8 as follows: If e " pe 1 , e 2 , . . . q ‰ E 0,8,max , then there exists the least n ľ 1 such that e n is not maximal in r´1prpe n qq. Then, we can select the least f n ą e n in r´1prpe n qq. Let v n´1 " spf n q. Then, it is easy to obtain the unique least path pf 1 , f 2 , . . . , f n´1 q from v 0 to v n´1 . We define φpeq :" pf 1 , f 2 , . . . , f n´1 , f n , e n`1 , e n`2 , . . . q.
By definition, the map φ is bijective. Suppose that the map φ : E 0,8 Ñ E 0,8 is a homeomorphism. Then, it is called a Vershik map. The system pE 0,8 , φq is a zero-dimensional system (see [HPS] ), and it is called the Bratteli-Vershik system of pV, E, ĺq.
If a zero-dimensional system pX, f q is topologically conjugate to a BratteliVershik system pE 0,8 , φq, then it is called a Bratteli-Vershik representation of pX, f q. For each vertex v P V n with n ľ 1, the set of cylinders t Cppq | p P E 0,n , rppq " v u constitutes a tower that is denoted as T pvq :" Ť pPE 0,n ,rppq"v Cppq. We showed the following in [S] :
Theorem 2.7. Let pX, f q be a zero-dimensional system, and let 0 ă l 1 ă l 2 ă¨¨¨be an arbitrary infinite sequence of integers. Then, pX, f q has a Bratteli-Vershik representation with an ordered Bratteli diagram pt V n u nľ0 , t E n u nľ1 uq such that, if #E 0,n pvq ĺ l n for some v P V n , then there exists a sequence
In [DM] , Downarowicz and Maass introduced the topological rank for a Cantor minimal homeomorphism. We define the same for all zero-dimensional systems.
Definition 2.8. Let pX, f q be a zero-dimensional system. Then, the topological rank of pX, f q is 1 ĺ K ĺ 8 if it has a Bratteli-Vershik representation with an ordered Bratteli diagram of rank K, and K is the minimum of such numbers.
Question. In general, the topological rank in the context of all zero-dimensional systems is less than or equal to the original. However, for Cantor minimal systems, the two topological ranks might be expected to coincide.
Some Preparations and Related Results
To prepare the proof of our main result, we essentially follow [DM] and the observation by Bezuglyi, Kwiatkowski, and Medynets [BKM] . Let pV, E, ľq be an ordered Bratteli diagram. For each n ľ 1, we write r n :" #V n and V n " t v n,1 , v n,2 , . . . , v n,rn u. We fix an e " pe 1 , e 2 , . . . q P E 0,8 . For all i P Z, we denote φ i peq " pe 1,i , e 2,i , . . . q. Further, we denote u n,i " rpe n,i q P V n pn ľ 1, i P Zq. For a vertex v P V n , let lpvq :" #E 0,n pvq. When pe 1,i , e 2,i , . . . , e n,i q is minimal and rpe n,i q " v, we change the symbol u n,i " v to u n,i "v. We write as x e :" pu n,i q nľ1,iPZ . We define a shift map pσpx en,i " pu n,i`1 q pn ľ 1, i P Zq. LetV n :" V n Y tv n,1 ,v n,2 , . . . ,v n,rn u with the discrete topology. We consider the shift map σ :
Figure 1. nth and pn`1qth rows of a linked array system with cuts. product topology. There exists a dynamical embedding ψ : pE 0,8 , φq Ñ p ś nľ1V Z n , σq with ψpeq " x e . We write pX, f q :" ψpE 0,8 , φq. Fix an n ľ 1 arbitrarily. Following [DM] , instead of usingv, we make a cut just before each occurrence ofv (see Figure 1 ). This coincides with the array system (see [DM] ). Therefore, for each x P X and n ľ 1, there exists a unique sequence xrns :" p. . . , u n,´2 , u n,´1 , u n,0 , u n,1 , . . . q of vertices of V n that is separated by the cuts. We make a convention xr0s " p. . . , v 0 , v 0 , v 0 , . . . q that is cut everywhere. We also write xpn, iq :" u n,i for all x P X, n ľ 0, and i P Z. For an interval rn, ms with m ą n, the combination of rows xrn 1 s with n ĺ n 1 ĺ m is denoted as xrn, ms. The array system of x is the infinite combination xr0, 8q of all rows xrns (0 ĺ n ă 8). Note that for m ą n, if there exists an m-cut at position i (just before position i), then there exists an n-cut at position i (just before position i). For each vertex v n,i , if we write t e 1 ă e 2 ă¨¨¨ă e kpn,iq u " r´1pv n,i q, we can determine a series of vertices v n´1,apn,i,1q v n´1,apn,i,2q¨¨¨vn´1,apn,i,kpn,iqq such that v n´1,apn,i,jq " spe j q p1 ĺ j ĺ kpn, iqq. Furthermore, each v n´1,apn,i,jq determines a series of vertices of level n´2 similarly. Thus, we can determine a set of vertices arranged in a square form as in Figure 3 . Following [DM] , this form is said to be the n-symbol and denoted by v n,i . For m ă n, the projection v n,i rms that is a finite sequence of vertices of V m is also defined. It is clear that xrns " x 1 rns implies that xr0, ns " x 1 r0, ns. If x ‰ x 1 px, x 1 P Xq, then there exists an n ą 0 with xrns ‰ x 1 rns. For x, x 1 P X, we say that the pair px, x 1 q is n-compatible if xrns " x 1 rns. If xrns ‰ x 1 rns, then we say that x and x 1 are n-separated. We recall that if there exists an n-cut at position k, then there exists an m-cut at position k for all 0 ĺ m ĺ n. Let x ‰ x 1 . If a pair px, x 1 q is n-compatible and pn`1q-separated, then we say that the depth of compatibility of x and x 1 is n, or the pair px, x 1 q has depth n. If px, x 1 q is a pair of depth n and px, x 2 q is a pair of depth m ą n, then the pair px 1 , x 2 q has depth n (hence, never equal). An n-separated pair px, x 1 q is said to have a common n-cut if both x and x 1 have an n-cut at the same position. If a pair has a common n-cut, then it also has a common m-cut for all m (0 ĺ m ĺ n). The set X n :" t xrns | x P X u is a two-sided subshift of a finite setV n . Just after the n-cuts, we have changed each symbol v n,i tov n,i . Thus, X n is a two-sided subshift of a finite setV n . The factoring map is denoted by π n : X Ñ X n , and the shift map is denoted by σ n : X n Ñ X n . We simply write σ " σ n for all n if there is no confusion. Let pY, gq be a subsystem of pE 0,8 , φq, i.e., Y Ă E 0,8 is closed, φpY q " Y , and
We note that for all p, p 1 with rppq " rppq P V n (n ľ 1), Cppq X Y ‰ H if and only if Cpp 1 q X Y ‰ H. Thus, for each n ą 0, p P E 0,n satisfies Cppq X Y ‰ H if and only if rppq P V 1 . Let E 1 :" t e P E | rpeq P V 1 u. Then, it is easy to check that pV 1 , E 1 q is a Bratteli diagram. We can give pV 1 , E 1 q the order ľ induced from the original. All the maximal (resp. minimal) paths of pV 1 , E 1 , ľq are maximal (resp. minimal) paths of pV, E, ľq. Let Y min (Y max ) be the set of all minimal (maximal) paths of pV 1 , E 1 , ľq. Then, it is obvious that φpY min q " Y max . Now, pV 1 , E 1 , ľq is an ordered Bratteli diagram, and the Bratteli-Vershik system that is topologically conjugate to pY, gq is defined. Therefore, we get the following: Theorem 3.1. Let pX, f q be a zero-dimensional system of finite topological rank K. Then, its subsystem has topological rank ĺ K.
The next proposition follows [BKM, Proposition 4.6 ]. Nevertheless, because the proposition was previously described in the context of aperiodic systems, we present the proof here as well. We fix a metric
For a closed set M Ď E 0,8 , we denote diampM q :" max x,yPM dpx, yq.
Proposition 3.2. Let pX, f q be a zero-dimensional system of finite rank K. Then, pX, f q has at most K minimal sets.
Proof. Suppose that there exist K`1 minimal sets, namely M 1 , M 2 , . . . , M K`1 . Take ε ą 0 such that ε ă min 1ĺiăjĺK`1 distpM i , M j q and n ą 0 such that maxt diampCppqq | p P E 0,n u ĺ ε. For each i p1 ĺ i ĺ K`1q, we define
It is also obvious that P i X P j " H for i ‰ j. We note that for each v P V n , t Cppq | p P E 0,n , rppq " v u is a tower that constructs T pvq. Thus, for each v P V n and i p1 ĺ i ĺ K`1q, only one of t p P E 0,n | rppq " v u Ď P i or t p P E 0,n | rppq " v u X P i " H occurs, which is a contradiction.
Main Theorem.
Before the statement of our main theorem, we choose a small ε 0 ą 0. Let M 1 , M 2 , . . . , M K 1 (K 1 ĺ K) be the list of all the minimal sets of pE 0,8 , φq.
Suppose that there exist x ‰ y P E 0,8 such that lim sup nÑ`8 dpf n pxq, f n pyqq ĺ ε 0 . Then, it is easy to see that the minimal sets of ωpxq and ωpyq coincide. Thus, we get the next two lemmas:
Lemma 4.1. Let x, y P E 0,8 . Then, we get the following:
‚ if lim sup nÑ`8 dpf n pxq, f n pyqq ĺ ε 0 , then the minimal sets of ωpxq and ωpyq coincide. ‚ if lim sup nÑ´8 dpf n pxq, f n pyqq ĺ ε 0 , then the minimal sets of αpxq and αpyq coincide.
From the two lemmas stated above, we get the next lemma:
Lemma 4.3. Let x, y P E 0,8 . If sup nPZ dpf n pxq, f n pyqq ĺ ε 0 , then the minimal sets of αpxq and αpyq coincide and the minimal sets of ωpxq and ωpyq coincide.
Theorem 4.4 (Main Result).
Let pX, f q be a finite-rank zero-dimensional system such that no minimal set is an odometer. Then, pX, f q is expansive.
Proof. Let K ľ 1 be the topological rank of pX, f q. We note that if K " 1, then we obtain an ordered Bratteli diagram that has rank K " 1. Then, because pX, f q is not an odometer, the Bratteli-Vershik system is a single periodic orbit and is expansive. Thus, the conclusion of the theorem is obvious. Therefore, we assume that K ą 1. As with the proof presented in [DM] , we show our proof by contradiction. Suppose that the claim fails. Then, for all L ą 0, there exists a pair px, x 1 q with distinct elements of X that is L-compatible. Because x ‰ x 1 , for some m ą L, px, x 1 q is mseparated. Therefore, px, x 1 q has depth n with L ĺ n ă m. Therefore, for infinitely many n, there exists a pair px n , x 1 n q of depth n. By telescoping, we can assume that every n ą 0 has a pair px n , x 1 n q of depth n. Note that even after another telescoping, this quality still holds. As with the proof presented in [DM] , we show our proof for separate cases:
(1) there exists an N such that for all n ą N and every m ą n, there exists a pair px n , x 1 n q of depth n with a common m-cut; (2) for infinitely many n, and every sufficiently large m ą n, any pair of depth n has no common m-cut.
Proof for case (1).
In [BKM] , the proof is omitted. However, we present it here for the readers' convenience. As with the proof presented in [DM] , we prove that such a case never occurs. Fix some m ą N`K, and for each integer n P rm´K, m´1s, let px n , x 1 n q be a pair of depth n with a common m-cut. For n " m´1, we have an pm´1q-compatible m-separated pair px m´1 , x 1 m´1 q with a common m-cut. Suppose that all the m-cuts of x m´1 and x 1 m´1 are the same. Because the pair px m´1 , x 1 m´1 q is m-separated, at least two distinct vertices are in the same place of x m´1 rms and x 1 m´1 rms. These symbols have the same rows from 0 to m´1. Therefore, at least two distinct m-symbols have the same rows from 0 to m´1. If the sets of m-symbols have the same rows from 0 to m´1, we factor these to the same alphabet, i.e., we make a new ordered Bratteli diagram identifying such vertices of V m . Suppose that v and v 1 are identified to a single v. Then, we assume that the sets r´1pvq and r´1pv 1 q are identified to a single r´1pvq with the same order. In addition, we assume that s´1pvq and s´1pv 1 q are joined to form the new s´1pvq, and the orders are not changed. Further, E 0,8 has a canonical isomorphism to the original, and the X m´1 of the new Bratteli diagram is the same as the old one. Because the pair px m´2 , x 1 m´2 q was pm´1q-separated, and this factorization does not affect the pm´1qth row, the pair px m´2 , x 1 m´2 q is still m-separated. Note that the number of vertices of the mth row has been decreased by at least 1. Next, we consider the case in which after a common m-cut of the pair px m´1 , x 1 m´1 q, the coincidence of the positions of the m-cuts does not continue toward the right or left end. Suppose that after a common m-cut at position k 0 , the common mcuts do not continue to the right end. Let k 1 ą k 0 be the position of the first common m-cut such that the right m-symbols v and v 1 of x m´1 and x 1 m´1 have different lengths. We assume without loss of generality that lpv 1 q ă lpvq. We recall that for any vertex v P V zV 0 , lpvq :" #E 0,n pvq. Let k 2 " k 1`l pv 1 q. Then, k 2 is the position of the next m-cut of x 1 m´1 . Because x m´1 rm´1s " x 1 m´1 rm´1s, the m-symbol v itself has an pm´1q-cut at lpv 1 q from the left. Then, we separate v into two parts at the position, making a new vertex v 2 P V m such that v 2 r0, m´1s is the right half of vr0, m´1s. The left half is identified with v 1 (see Figure 4) . We note that Figure 4 . Change of an m-symbol. There is a common cut at the left end.
v 2 is a "new" m-symbol, even if there has been an original symbol v 3 with v 3 r0, m´1s " v 2 r0, m´1s. We replace every occurrence of the m-symbol v in every element of X m by the concatenation v 1 v 2 . In the Bratteli diagram, we delete v and add v 2 , and we replace the edges that connect v with the edges that connect v 1 or v 2 . In accordance with the new pm`1q-symbols, each edge in E m`1 that had connected v has to be duplicated into two edges, one connecting v 1 and the other connecting v 2 . Further, the orders of the edges of E m`1 have to be changed. After all the necessary changes, we show that the new ordered Bratteli diagram has the Bratteli-Vershik system that is canonically isomorphic to the original. We note that the maximal or minimal paths are joined to the infinite cuts from level 0 to 8. Because the pm`1qth row is not changed, no new infinite cut arises. Therefore, no new infinite maximal path or infinite minimal path arises. Thus, we need not change the Vershik map up to canonical isomorphism; the existence of canonical isomorphism is evident. The number of vertices is not changed. After this modification, no cut that existed is removed. The coincidence of the m-cut from k 0 to the right might be shortened. Nevertheless, the same modification is possible, and finally, we reach the point where we have the same m-cuts from k 0 to the right end. The same argument is valid for the left direction from k 0 . Now, x m´1 and x 1 m´1 have the same m-cuts throughout the sequences. Then, we can apply the previous argument. Thus, we get a factor in the mth row that decreases the number of symbols V m , and px m´2 , x 1 m´2 q is still m-separated. We can now delete the pm´1qth row and continue this process. Finally, the mth row is represented by only one vertex, and the pair px m´K , x 1 m´K q is still m-separated and has a common m-cut, which is a contradiction.
Proof for case (2).
For an arbitrarily large n, there exists an mpnq ą n such that every pair px n , x 1 n q of depth n has no common mpnq-cut. As described briefly in [DM] , by telescoping, we wish to show that the condition of (2) holds for every n. Fix n. Take an n 1 ą mpnq such that every pair px n 1 , x 1 n 1 q of depth n 1 has no common mpn 1 q-cut. Then, because n 1 ą mpnq, every pair px n , x 1 n q of depth n has no common n 1 -cut. Thus, by telescoping (from n 1 to n), every pair px n , x 1 n q of depth n has no common pn`1q-cut. Thus, through consecutive application of such telescoping, we get an ordered Bratteli diagram such that for every n ą 0, every pair px n , x 1 n q of depth n has no common pn`1q-cut. For each n ą 0, let px n , x 1 n q be a pair of depth n that has no common pn`1q-cut. There exists an N ą 0 such that every pair px n , x 1 n q of depth n ľ N satisfies sup iPZ dpf i px n q, f i px 1 nĺ ε 0 . By Lemma 4.3, for any pair px n , x 1 n q of depth n ľ N , the minimal sets of ωpx n q and ωpx 1 n q coincide and the minimal sets of αpx n q and αpx 1 n q coincide. First, we claim that ωpx n q X ωpx 1 n q with n ľ N contains a periodic point only for finitely many n ľ N . Suppose that there exists a periodic point y and an infinite set N Ă t n | n ľ N u such that y P ωpx n q X ωpx 1 n q for all n P N . Let Z n be the positions of the n-cuts of y. Then, Z i (i P N ) is periodic and Z n Ě Z m for n ă m. Therefore, there exists an infinite set N 1 Ă N such that for all n P N 1 , the n-cuts of y are the same. Let n P N 1 . There exists a sequence kp1q ă kp2q ă¨¨¨with lim iÑ`8 f kpiq px n q " y. Taking a subsequence if necessary, we get lim iÑ`8 f kpiq px 1 n q " y 1 P E 0,8 . Because x n rns " x 1 n rns, we get yrns " y 1 rns. Thus, y and y 1 have the same n-cuts. Similarly, y and y 1 have no common pn`1q-cut. Nevertheless, the positions of the pn`1q-cuts of y are the same as the positions of the n-cuts of y, and the pn`1q-cuts of y 1 have to be a part of the n-cuts of y 1 and of y. Thus, y, y 1 have common pn`1q-cuts, which is a contradiction. We have proved the claim. Therefore, there exists an N 1 ą N such that for all n ľ N 1 , ωpx n q X ωpx 1 n q contains no periodic point. By telescoping, there exists a minimal set M such that for all n ľ 1, M Ď ωpx n q X ωpx 1 n q. The remainder of the argument proceeds as that of the Infection lemma of [DM] . Nevertheless, we cannot assume M " E 0,8 in general. We only need to check that this fact does not cause any problem. Let i 0 ą 0 and L ą 0 be arbitrarily large integers. Let j " i 0`L . For each i P ri 0 , j´1s, the pair px i , x 1 i q has depth i with no common pi`1q-cuts. Fix a y 0 P M . As in [DM] , for each i P ri 0 , j´1s, by applying some element τ i of the enveloping semi-group, we can get a pair pτ i px i q, τ i px 1 iwith τ i px i q " y 0 . By letting y i " τ i px 1 i q (i P ri 0 , j´1s), we get that each py 0 , y i q is i-compatible with no common pi`1q-cuts. Let i, i 1 P ri 0 , j´1s satisfy i ă i 1 . Then, y i 1 ri`1s " y 0 ri`1s, and y i 1 has no common pi`1q-cut with y i . Thus, we get finite elements y 0 and y i (i P ri 0 , j´1s). These elements are all i 0 -compatible and pairwise j-separated. Furthermore, they have no common j-cuts pairwise. We have to take care that y i (i P ri 0 , j´1s) need not be elements of M . Let M piq :" π i pM q for all i ľ 0. The next lemma is called the Infection lemma in [DM] .
Infection lemma: Suppose that there exist at least K K`1`1 i-compatible points y k P E 0,8 (k P r1, K K`1`1 s), which, for some j ą i, are pairwise j-separated with no common j-cuts. Letŷ " y k ris P M piq be the common sequence. Then,ŷ is eventually periodic.
The proof is factually identical to that of the original. Thus, we omit the proof here. By the Infection lemma, M pi 0 q has a periodic orbit. Nevertheless, by the minimality of M , M pi 0 q is also minimal. Thus, M pi 0 q is a periodic orbit. Because i 0 can be arbitrarily large, it follows that M is an odometer, which is a contradiction.
We think that we have settled down the extension process of [DM, The- orem 1] at least once. As an example, we get the following:
Corollary 4.5. If pX, f q is a finite-rank proximal zero-dimensional system, then it is symbolic.
